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i!B ■ 1- Introduction and Survey of Results 

^ ' In this article we bring together several areas of representation theory in a series of inter- 

^ ' related results. The first is the rather established theory of p- modular representations of the 

• , symmetric groups, followed by the representation theory of groups of Lie type over the finite 

^ I field Fp, and, finally, the area of topological quantum field theories (TQFT's) over Fp. The 

■ latter have been our original motivation since they appear as constant order reduction in the 
Reshetikhin Turaev Theories. In fact, as we shall outline in more detail at the end of in this 
section, the identities we will find in this article will, for example, imply relations between the 
Lescop invariant and the Reshetikhin Turaev invariant for 3-manifolds for p = 5. 

Our results in each area concern resolutions and expansions of p-modular representations 
and invariants into their respective characteristic zero counterparts, and, thus, naturally build 
on each other. Let us state the results in order, beginning with the case of the symmetric groups. 



^ 2000 Mathematics Subject Classification: Primary 57R56, 57M27; Secondary 17B10, 17B37, 17B50, 20B30, 
20C30, 20C20. 
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The Symmetric Groups: The representation theory of the symmetric group Sn in n letters 
over Q (or Z) is well known. The theory is semisimple and the simple representations are 
isomorphic to the Specht modules 5"^, where r is a Young diagram with n boxes. They have a 
natural basis given by Young tablaux, and the ^^-action preserves the free Z-modules (or lattices) 

generated by these basis vectors. Passing to Sp = <Sz/pS^ we thus obtain representations of 
the same rank over the field Fp for any given prime p > 3. The Sp, however, are not longer 
irreducible, but they have a unique simple quotient Vp obtained from canonical inner forms on 
the Specht modules, see ||5[. The representations iSJ and Vp define characters and on Sn 
with values in Z and Fp, respectively. We also denote by Xp the p-reduction of which may, 
alternatively, be thought of as the character asscociated to Sp. 

The relationship between the "ordinary" representations Sp^^^ and "ordinary" characters 
XporZ ^^'^ their p- modular counterparts Vp and ipp is, even after decades of research, still 
intensely investigated with many open questions remaining. While several algorithms exist for 
expressing the Xp terms of the (pp, fewer results exist for the converse relations, and even 
fewer results relate the modules themselves. The exact modular structure of the Sp in terms of 
a modular ordering of the Pp-components has only very recently been uncovered by Kleshchev 
and Sheth in for the special case of Young diagrams r with two rows. 



The first result of this article may be thought of as the inverse relation of the result in |12], 
and it implies a similarly inverse relation for the characters. 

Theorem 1 Let p > 3 be a prime and r = [a, b] be the two row Young diagram with row 
lengths a and b with 0<a — b<p — 2. Consider the sequence of Young diagrams Tj given by 
T2i = [a + ip,b — ip] andT2i-i = [b + ip—l,a — ip+l], whenever defined. (That is, tq = r = [a,b], 
n = [b + p - l,a - p + 1], T2 = [a + p,b - p], T3 = [b + 2p - l,a - 2p + 1], etc.) 

1. There is a resolution of the modular, simple representation Vp of Sn in terms ordinary 
representations given by an exact sequence of Sn-equivariant maps as follows. 

... ^sp s;^ s;^ v; ^ o. (i) 



2. We have the following expansion of p-modular characters in terms of ordinary characters. 

= E(-irx?, (2) 

i>0 



It is an intriguing fact that the maps in the sequence @) are powers of generators of 3(2 acting 
dually on (Z^)®", which, as an S'n-module, contains the permutation modules M'^ . The precise 
action is constructed in Corollary |^ of Section 4, where we prove that it yields a well defined 
complex. 

The proof of exactness of this complex uses the results of and occupies most of Section 5. 
A generalization of Theorem || to n-row diagrams using a dual 5l„ is likely to yield more insights 
the structure of p-modular Specht modules for general Young diagrams. The character identity 
(§) is stated as an immediate consequence in Corollary of Section 6. 

The Symplectic Groups: The symmetric groups typically appear as or within Weyl groups 
of groups of Lie type. In this article we are particularly interested in the symplectic groups 
Sp{2g, M) where M may be M, Z or Fp. There are obvious generalizations of our results to most 
other groups of Lie type, which we leave to the reader. 
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Let H = be the fundamental representation of Sp(25f,Z) with symplectic basis 

{ai, . . . ,ag,bi, . . . ,bg), and denote by V{wk) C AH the subrepresentation generated by the 
highest weight vector ai A . . . A a^. Over R this is the irreducible representation of fundamental 
heighest weight vjj = ei + . . . + e-,-. Denote by Vp{wj) the respective p-modular reduction, and 
by Vp{wj) the unique irreducible subquotient over Fp generated by the same highest weight 
vector. Let g — p + 2 < I < g and / = 2{g — p+ 1) — I. From Theorem |l] now we derive resolutions 
of Sp-representations that are given by exact sequences as follows. 



... ^ Vp{wi^4p) ypi^i-2p) ~^ ^p(^/-2p) Vpi^i) Vp{wi) Vp{wi) ^0. (3) 

Evidently, implies similar expansions of Sp-characters, and such expansions also exist for 
other groups of Lie type. The generalization more intersting to us, which in fact implies (^), are 
resolutions of topological quantum field theories (TQFT's). 

In Lemmas |2| and ^ of Section 2 we establish the relation between the Sp(2(7, Z) weight 
spaces of A H with the 5fc-module {7?)®^ . In Lemma ^ we also give the explicit action of the 
Serre generators of 5p2g in the language of the permutation modules. The relation between 
the weight spaces of V{wk) and the Specht modules and the respective explicit actions of the 
sp2g-generators on the Young diagrams is derived in Section 3. 



Homological TQFT's: Recall that a TQFT is a functor V : C063 M— mod from a category 
of 2+1-dimensional cobordisms into a category of free modules over a commutative ring M. 
Specifically, V assigns to a surface S a free M -module V(S) and to a cobordism between two 
surfaces an M -linear map between the respective M -modules. 

In Frohman and Nicas construct a TQFT over M = Z, where the free Z- module for a 
surface is given by the (co)homology of its Jacobian, specifically, V^^(S) = if*(Hom(7ri(S), U (1)), Z) 

A Z) . The basics of this construction are reviewed in the beginning of Section 2. Further, 

(7) 

in Section 3, we will recall the decomposition of this TQFT into its irreducible components , 
with j = 1, 2, . . . , of V^^. They are again TQFT's over Z and are obtained in from a dual 
Lefschetz s[2-action. 

Composing with the canonical (rank-preserving) functor Z— mod — «■ Fp— mod for 

primes p > 3 we obtain a family of TQFT's Vp '' over M = Fp. As before, the p-modular TQFT's 
are generally highly reducible. However, they have a unique irreducible TQFT subquotient V^-'^. 

Theorem 2 For any prime p >2> and integer k with < k < p we have an exact sequence of 
natural transformations of TQFT's 

. . . _j. yU«+l)P+'Si+l) _^ y^ip+ki) _^ _ _ _^ V^^^^^-* —^ V^''^ —^ V!^^ ^ , (4) 
where we set ki = k for even i and ki = p — k for odd i. 

The sequence is constructed from its symmetric group summands in Corollary ^ of Section 4. 
Exactness follows in Section 5 from the respective results for Specht modules. 

In order to see why (^) is indeed a special case of Theorem |2| observe that the mapping 
class group F^ is identical with the group of invertible cobordisms in Cobs from a surface T,g to 
itself. Hence, any TQFT V entails for every g a representation of Tg on V(S), which, in the case 
of V^^, factors through the symplectic quotient F^ Sp(2(j(,Z). The sequence in (^) is now 
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obtained from Theorem ^ by evaluation on a particular surface and using the identifications of 
Sp(2g,Z)-modules, given by V^J\j:g) = Viwg-,+i) and V^J^J^g) = Vp{zug-j+i) . 

In the TQFT framework characters are endowed with an interpretion as topological invariants 
of infinite cyclic covers of closed 3-manifolds. More precisely, let V be any TQFT, M a closed 
3-manifold with 61 (M) > 1, and : Hi(M) TL an epimorphism. We define an invariant 
of a pair (M, 93) as follows. Pick any two-sided surface S C M which is dual to , and define 
Cs = M — S seen as a cobordism from S to itself. The value V(M, ip) = trace(y{CYS) is now 
independent of the choice of S. 

As an important example, Frohman and Nicas extracted in the Alexander polynomial 
A(p(M) as a Lefschetz trace from V^^. Translated into the decomposition of |^] this result says 
that the invariant Vj^ (M, (/?) is the difference of two successive coefficients of the Alexander 
polynomial. Combining this observation with Theorem Q we derive in the end of Section 6 
the following relation between these invariants over Z and the respective invariants V^-'''(M, ip) 
obtained from the irreducible TQFT's over Fp. 

Theorem 3 Let Aip{M) £ 7j[x,x^^] be the Alexander Polynomial of a closed, compact, oriented 
3-manifold M with respect to an epimorphism ip : Hi{M) — »• Z. 

Let A^p(M) be the reduction of A^(M) obtained by substituting x = =bCp, with C,p a p-th 
root of unity, and taking the Z coefficients modulo p. Then 

^IpiM) = j:{±l)'-'[k]^,VPiM,^) G ¥p[Cp]. 

k=l 

Johnson-Morita-Extensions and TQET-Overvievi^: Note, that all TQFT's constructed 
up to this point have representations of Tg that factor through Sp{2g,'Z), that is, they contain 
the Torelli group Ig in their kernels. In Section 7 of this article we will also consider extensions 
of these TQFT's with slightly smaller kernels, at least at the level of representations of F^. 

In Morita constructs a homomorphism k : Tg —>■ Sp{2g,'Z) x which has a smaller 
kernel ICg C Ig, and whose image = Tg/JCg has finite index in Sp(2(7,Z) x ^U. It extends 
the Johnson homomorphism Tg — >-5- U previously constructed in where U denote the free 

abelian group ^ ju) AH — ^(^3)- As before we denote H = Hi(Ylg), considered as an 

Sp-module, and we let to € f^H be the standard Sp-invaraiant symplectic form. 



Non-trivial representations of are readily obtained in Proposition |15| of Section 7 as the 
extension of a pair of representations V{wi) and V{w 1-^-3) using the (up to scale unique) Sp- 
equivariant map U IIom(y(tj7;), y(ro;+3)). We prove that these extension also exist for 
the irreducible p-modular representations Vp{iui). In TQFT language this translates to the 
following result. 

Theorem 4 For < k < p — 3 there are indecomposable representations U^\T,g) of the map- 
ping class group Tg that factor through Qg = Tg/ICg but represent the Torelli group Tg non- 
trivially. There is a short, non-split exact sequence ofTg-equivariant maps as follows: 

^ Vi'+'Hj^g) Ui'H^g) VPi^g) - . (5) 

We know from Theorem ^ below that U does on fact extend to a TQFT. However, the question 
whether or how the and descend from TQFT's for general p and k is still open, and 
will be discussed in future work. 
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We summarize the different TQFT's of this paper, the constructions connecting them, and 
the included modules of the symmetric groups Sn in the following table: 



5L(2,M)-Lefschetz 
Decomposition 



p-Reduction 



Null space quotient 



Johnson- Morita 
Extension 



Vi^ Jacobian TQFT @ 
^ Fully reducible over Z 

Lefschetz Component, 
irreducible over Z 



Reducible over 
with inner form. 



V^'^-' Irreducible over ¥p. ^ 
Not Z-hftable, but 
(( resolutions in Vp s 

Indecomposable with 
two factors and 



Permutation Modules 
Specht Modules 5J 

p-Specht Modules Sp 
Simple S'n-modules Vp 



Relations to the Reshetikhin Turaev Theory: The original motivation of this article 
comes from the study of the TQFT's constructed by Reshetikhin and Turaev in [^] from 
the quantum group U(^^ (SO3) for a p-th root of unity ^p. Thus, in order to put the TQFT's of this 
article into their broader context and illustrate their relevance let us briefly sketch the pertinent 
relations and results from other work in quantum topology. 

It is shown by Gilmer in Q that, for a restricted set of cobordisms, can be written as 
a TQFT over the ring of cyclotomic integers Z[Cp]. For the Reshetikhin Turaev invariants of 
closed 3-manifolds this integrality property was previously proved in |l3| . 

Applying the ring reduction 1^[Cp] Fp, with (^p 1— > 1, we obtain a TQFT over the finite 
field ¥p from for a given p. It is now natural to ask whether or not there exists a relationship 

between the Vp and the V^-'-' , since they are both TQFT's over Fp and are conjectured to share 
a list of other features. 

Identifications between the TQFT's Vp obtained from quantm groups on the one hand and 
the ones obtained from the homological theory V^^ (and their Johnson Morita extensions) on the 
other hand will entail many insights into the relation between classical and quantum invariants 
as well as establish natural bases for the quantum theory in the language of the tensor calculus 
of the symplectic groups. Moreover, we expect this to lead to a deeper understanding of the 
geometric interpretations of the higher order terms in the cyclotomic integer expansions of the 
Reshetikhin Turaev theories, which include the Ohtsuki and, particularly, the Casson-Walker- 
Lescop invariants. 

Since the V^^ are "unitarizable" theories and the dimensions of the vector spaces do not 

match any combination of ordinary Sp-representations we must expect the simple quotients V^-'^ 

(7) 

to enter the relations rather than the reducible TQFT's Vp . This is precisely the point where the 
main results of this article are crucially needed. The resolutions of p-modular TQFT's provide 
the missing link between the classical invariants defined over Z and the quantum invariants 
defined over F„. 
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Thus far we are able to understand these relations and their applications in a rather detailed 
manner for p = 5. We state next the main result from [p!C|]. 

Theorem 5 ([]lO[]) We have the following isormophism of Tg-representations over¥^: 

V|(S,) - . (6) 

In particular, for pairs (M, ip) as in Theorem |^ we have 

ViiM,ip) = ?^')(M,v9) + ?f (M,(/p) = -2 ■ XLescop{M) mods (7) 

The first equality in follows directly from (|6|). The second equality is now a consequence 
of the identification with the Alexander polynomial at a root of unity from Theorem ^. It is 
used in to identify V5 (M, ip) with the Fs-reduction of the Lescop invariant ALescop(-^) • This 
identity is special to p = 5 and does not hold for p > 5. 

Observe also that (^) implies that the invariant V5 (M, if) is really independent of (p. This is 
not surprising since it is also equal to the lowest oder non- vanishing coefficient of the cyclotomic 
integer expansion of V^'^{M). Nevertheless, this raises an interesting question, namely, which 

linear or polynomial combinations of the Vj/^(M, are independent of the choice of if and, 
thus, yield true invariants of closed 3-manifolds. 



Dimensions, Combinatorics, and Asymptotics: An important special case for any char- 
acter formula is the implied relation for the dimensions of modules, that is, the characters 
evaluated at the unit element. The dimensions of the irreducible modules over F5 in this article 
are Fibonacci numbers, while the dimensions of the corresponding modules over Z are Catalan 
numbers. As a result we obtain in ( ]5^ ) and (55) of Section 6 identities that express the Fibonacci 



numbers as 5-periodic, alternating sums in these Catalan numbers. Despite the simplicity of 
these relations they appear to be unknown in the available literature. 

We also determine in Section 6 the asymptotics of the dimensions of the TQFT modules for 
(7 — > 00, which is summarized in the following lemma. 

Lemma 1 For a fixed prime p > 3 and fixed j, the dimensions of the vector spaces grow for 
large g as follows: 

dim(Vp(Sg)) ~ const. -IIFpP and dlm(V^J\T,g)) ~ const. • ||ffpf (8) 

where l|F„|| = Kr, — - and ||ffr,|| =4cos^( — ) . 

II Pll 4sin2(|) II Pll 

Moreover, there are polynomials Rj{f) G of degree deg(i?j) = 2^ with 

IIFpll = MIKW) ■ (9) 

The polynomial dependence between the asymptotic behaviors from @ suggests a similar "poly- 
nomial" dependence between the TQFT's. If the products of the dimensions are replaced by 
tensor products of the respective TQFT's, this suggests_that ~ i2p(||ffp||)^ describes the asymp- 
totics of parts of an 2^-fold tensor product of the We are thus led to the following 
conjecture on the constant order structure of the Reshetikhin Turaev theory, which can be 
verified for the genus=l mapping class group (SL(2,Z)) representations. 



Conjecture 6 



p-3 
2 

The irreducible components ofVl can be found as irreducible components of 



p 
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2. Frohman-Nicas TQFT's over Z 

In Frohman and Nicas construct a TQFT that allows the interpretation of the Alexander 
Polynomial as a weighted Lefschetz trace. The vector spaces are the cohomology rings of the 
Jacobians of the surfaces. In we extract a natural Lefschetz SL(2, M)-action on these spaces, 
with respect to which this TQFT is equivariant. Let us describe in this sections the basic 
ingredients of the Frohman Nicas theory, reviewing also the conventions of ||8|. 

We denote by Cob^^^ the category of evenly framed cobordisms between connected standard 
surfaces S^. These are essentially the cobordisms obtained by an even number of surgeries, see 
Lemma 10, Q. The Frohman Nicas TQFT is then given as a functor 

V^^ : Cohff'' — > SL{2,R) -modu , (10) 

for which 

V^^(Sg) = A*i7i(S,) 

for the surface S^, of genus g. For each surface we pick a symplectic basis {ai, ... ,ag, hi, ... , bg} 
for Hi{T,g) and introduce the inner form (_, _), for which this basis orthonormal. We denote i^, : 
Hi(Y^g) Hi{T,g^i) the inclusion map compatible with the choice of bases and the construction 
of from Tig by handle addition. 

The bases naturally provide lattice bases for A -ffi(Sg,Z), given by monomials in the Oj and 
bi. Moreover, the inner form extends to to the exterior product to make the monomial basis an 
orthonormal one. We also denote by ujg = X]f=i fli A 6^ G A Hi^Eg, Z) the symplectic form. The 
5[(2,IR)-action on A*Fi(Sg) is given in terms of the standard generators E, F, and H as 

Ha = {j-g)a Va € A-'i^i(Sg) , Ea = aAujg, F = E* . (11) 

From the explicit actions of the generators in we see that the lattices K Hi{T.g,'L) are pre- 
served by the maps V^^ {M) for cobordisms M in Cob^^^ . Moreover, also the standard gen- 
erators of sl(2,]R) preserve the lattices. Hence also the universal enveloping algebra over Z 



generated by the operators in (11), which we shall (abusively) denote by 5((2,Z). We denote 



the respective functor into Z-modules by: 

Vz : Cobf^'' — > sl{2, Z) - modz , (12) 

More specifically, the extension of the mapping class group in Col?^^^ factors under Vz 
through a split F2 = 'L/2'L extension of Sp(25(,Z), acting in the natural way on A /?i(Sg,Z). 
We also denote by 5p{2g,'L) the algebra over Z generated by the standard Sp(2(/,]R) Lie algebra 
generators. It is not hard to show that in this representation it coincides with the group algebra 
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Z[Sp(2(7, Z)]. Besides the mapping class groups the other generators of Cob^^^ are the handle 
attachment cobordisms H'^ : T,g — > S^+i and H~ : S^+i — > with actions given by 

Vz{H+) : a^i4a)Aag+i and Vz{Hg) = Vz{H+)\ (13) 

where we use the notation also for the inclusion HiiTg) ^ Hi{T,g^i) extended to the exterior 
powers. 

The structure of Vz and the dual s[(2, Z)-action can be better understood if we decompose 
the lattices Vz(Sg) according to sp(2g(, Z)-weights. We write an sp(2(7)-weight in the standard 
basis A = X]f=i ^i^i as given in [Q. Specifically, we have hai = {ei,h)ai and hbi = —{ei,h)bi for 
/i G [), the diagonal matrices in sp(2(7, Z). 

We denote by Vg = {A G f)* : Ai G {—1,0,1}} the set of possible weights of vectors in 
A Hi{T,g). This yields a decomposition into weight spaces denoted as follows. 

Vz{Tg) = Wz{X,9) (14) 

For a given weight A G Vg let N{X) = {i : Aj = 0} C {1, . . . , 5} and n(A) = |A^(A)|. A special 
vector w{X) G WziX,g) is given by 

'Wi{l) = at 

u>(A) =u;i(Ai) A... Au'g(Ag) G A^""^^^Fi(Eg) where { Wi{-1) = h ■ 

w,{Q) = 1 

Let e± be generators of a 2-dimensional lattice (e_,e+)z, and = (e_,e+)f'"' the lattice of 
rank 2". Given A^(A) = {ji, . . . ,i„(A)} with ji < . . . < jn(X) we thus define maps 

Ta : L?'^ m{\g) (15) 

: (g) . . . (g) ee„ 1-^ 'u;(A) A Oji(ei) A . . . A Oj„(e„) 



where n = n(A) and 



oA-) = 1 



The lattices also have a natural inner product for which the monomials e^^ . . . (g e^^ 
form an orthonormal basis, and carry a natural s[(2, Z)-action given by Ee- = e+, Fe+ = e_, 
ffei = ±e±, and £'e+ = Fe_ = 0, for which also E* = F and H* = H. 

Lemma 2 The T\ are 5l{2, 7j)-equivariant isomorphisms of lattices with inner forms. 

Proof: They are obviously isomorphisms of lattices as they map orthonormal bases to each 
other. It is also easy to see that the weight for a monomial is —n[X) + on both sides 

of ([l5|). Now, E is multiplication with LOg = J2j o-j ^ t>j- Clearly, w{X) A aj Abj = if j A^(A) 

so we multiply only with ljx = ^27=1 ^ji ^ ^ji ~ ^7=1 The £^-equivariance then follows 

from Oj(+) A Oj(+) = and Oj{ — ) A Oj(+) = Oj(+). F-equivariance follows from F* = E. ■ 

Although not of immediate necessity for the main result let us record here also how the 
actions of morphisms Vz(M) on the lattices look like. We give them in terms of generators 
of sp(2g,Z) and the handle attaching maps. We introduce s [(2, Z)-equi variant morphisms 

coevk = Ifc-i coev In-k ■ — > L^z^"^ (16) 
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where coev : 1 ^ (e_ ® e+ — e+ (8) e_) and In = idL" 



z 



and evk = —{coevk)* : L^'^'^ — > -^z 

The obey relation 

evk±i o coevk = I and evj. o coevk = — 2 • I . 

For a map (j) : Wz{\, g) —>■ Wz(A', g') we denote (p'^ = T^^ o (poTx L^'^'' L^'^ -* . Moreover, 
as in [P, we denote the standard standard generators e^^ and fa^ of sp(2g(,Z) for simple roots 
ai = Ei — ej+i for i < g and = 2eg. We have eo-Oj+i = Oj, Ca^hi = — and eQ.u = for 
all other basis vectors v if i < g. Also 60,^6^ = Cg and eagV = for all others. This further 
determines the action of the other generators with /q,- = e* , . 

Denote now by ea,x the restriction : Wz(A, (7) — > Wz(A + a, 5), where we put ea,x = 
of A + a Vg. Let us also denote the restriction of the handle attaching map Hx = Vz^H^) : 
Wzi^,g) — > Wz(A + £3+1,5 + !)• The following is the result of a straight forward calculation. 

Lemma 3 For A G Vg and n = n(A) ife /laue, i(;/jen i < g, 

In for (A„\+i) = (0,1) 

-I„ for (Ai,Ai+i) = (-1,0) 

coewfc /or (Ai, Aj+i) = (-1, 1) with jk-i < i < jk , 

-evk for (Ai, Aj+i) = (0, 0) with i = jk, i + 1 = jk+i 

elsewise 

I elsewise ^ 

Another prominent, and for our purposes more important, action on the lattices Vz(Sg) 
is that of subgroups of the Weyl group 2ITg = (F2)^ x Sg of Sp(2(7, Z), where Sg denotes the 
symmetric group in g letters. The j-th F2-generator of Wg acts on weights by changing the sign 
of Aj. It is realized as a subgroup Wg C Sp(2(7, Z) by an extension 1 — > F2 ^ Wg — > Wg —* 1, 
with Wg = i^^y XI Sg. The F4-generators are given by the "5-matrices" Sj G Sp(25f,Z), see 
defined by SjOj = —hj, Sjbj = aj and SjOj = and Sj6i = bi for i 7^ j. We specify two relevant 
representations of Wk : 

1. L| = {1?)®^: This action factors through 211^ — > Sk the symmetric group, which acts 
canonically on the lattice by permutation of factors. 



2. M| = (Z^)®'^: Here the j-th F4-factor is represented by the matrix Sj 



act- 



1" 

ing on the j-ih factor of the tensor product. The action of on M| is the canoni- 
cal representation multiplied by the alternating representation, i.e., a{vi (g) . . . (g) Vk) = 

sign{a)v„-i(i) ® v^-i(fc). 

We have natural subgroups 2Ug_„ x Wn C 2Ug, for which the right coset 
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is identified with the set of subsets A C {1, . . . , g} of size |^| = n. We denote 

m{n,g) = Wz(A5) = Wz{X,g) , (17) 

AeC^ AeVg:n(A)=n 

where Wz{A,g)= Wz{\,g) . (18) 

X€Vg:N{\)=A 

Clearly, the summands of Vz = 071^2(^)5) are invariant under the 2IJg-action for each n. 
These subrepresentations are identified next as induced representations. 

Lemma 4 For every n with < n < g there is a natural isomorphism ofWg-modules 

This map is an sl(2,Z)-equivariant isometry. 

Proof: For Nn = {g — n + 1, . . . ,g} the Wg-n x 2IJn-module is readily identified via the 
isomorphism 

M^-^'^Ll ^ Wz{Nn,g) : «)...0eA„_, ®« ^ T[Ai,...,a„_„o,...,o](0 • 

with the submodule Wz{Nn, g) C A*-ffi(Sg), where the action is defined by restricting the action 
of Wg. We next define a natural section 

TT : — ^ 5g C : A ^ T,A (19) 

as follows. Let A C {1, ...,(/} with n = \A\. There is a unique permutation tta £ Sg such that 
A = -KAiig-n+l, . . .,g}), 71^(1) < 7r^(2) < . . . < nA{g-n), and ■n:A{g-n+ 1) < 7rA{g-n+2) < 
. . . < TTAig)- Clearly, we have 

VTA : Wz(iV„,5) ^ Wz{A,g) . 

The induced representation by definition the space of all maps / : SU^ — > M| ® L^^ such that 
ficrvj) = ri~^.{f{a)) for rj £ 2Hg_„ x 2H„, equipped with the left regular SU^-action {af){a') = 
f{a~^a'). Now, every a € Wg has a unique decomposition a = 7Ta{Nn)V(T, with rja^ € 2Bg_„ x 2]J„. 
Thus we may identify the induced representation with the space of maps f : ^ -^1" ^ -^S; 
setting f{A) = /{tta) and hence /(cr) = r]~^.f{a{Nn)). The isomorphism is now given by 

Ind ^ Map{Cl Mir''® LI) Wz{n,g) : / ^ T(7) = tta (7(A)) . (20) 

An inverse is obtained by mapping v G Wz{A, g) to T^^{y)®5s^A}^ where 5s^a}{^) = 1 for A = S 
and elsewise. In order to show that it is equivariant let / be an arbitrary map yVzi^n, g), 

a e Wg, and / = a{f). Let A G Q and define r]A,a G ^g-n x by (t'^tta = 7r<^-i(A)^A,a- 

Hence we have j'{A) = /'(vr^) = {(Tf)inA) = /(ct-^tta) = /(7r^-i(A)'7A,V) = VAafiT^a-^A))- 
Thus 

T(/) = 7rA(/(A)) = 7rAr?A,./(a-^A) = 

= c77r,-i(A)7(a-iA) = aTTBliB) = 

A^d _ BeCg_ 

= '^( ^b(/(S))) = a(T(/)) , 
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which is what we needed to show. Isometry of T is with respect to the natural inner product 
on Map{C9, M|"" Lg) given by 

{f,h) = (7(^),5(^)) (21) 

given the inner form on M|~" (8) ig. Also, as Lg is an s[(2, Z)-module also Map{C^, M^~"' (8> Lg) 
is. Both, equivariance and isometry, follows immediately from the form of the isomorphism in 
( pO|) and the fact that the tta are isometric equivariant maps. ■ 

The relation of the isomorphisms in Lemma ^ to the ones in Lemma Q is given by the 
restrictions of to the weight spaces 

^^(A) = '^x-°'^x' ■■ W{X,g)^W{X\g) . C W{Nn,g) (22) 
Here A'^ denotes the the "sign-content" of a weight A € defined by 

g-n{\) 

^^•=^jv(A)^= J2 ^^iV{A){i)«i = ±ei + • • • ± eg-n(A) ■ 



3. Lefschetz Decompositions and Specht Modules 

As in we consider the decomposition of the Frohman Nicas TQFT according to SL(2,M.)- 
representations: 

where Vj is the j-dimensional irreducible representation of SL{2,M.). Note, that we the con- 
vention we use here for the superscript in V*--'^ is shifted by one from the one used in [Q. For 
weights we follow the notations of Q . The sublattices of the irreducible TQFT components can 
be defined as the S'L(2,R) lowest weight spaces 

V^\^) = {veVz(S): Fv = and Hv = -{j - l)v} = A^"^'^^Fi(S, Z) n /cer(F) . 

The representation of Sp{2g, Z) on V^^ (S) is irreducible of fundamental heighest weight Wg-j+i = 
ei -|- . . . -|- €g-j+i with heighets weight vector 

w{zug_j+i) = ai A . . . A flg-j+i = T^^_^^^{e^^~^'^) . 
The possible weights in this representation are given by 

^<J) = {A G Vg : n(A) >j-l and n(A) =j-l mod 2 } . 
We obtain an analogous weight space decomposition 

V?(S,) = W^^\x,g) -^—^ Ll^'^nker{F)nker{H + j-l) . (23) 
agv^^'^ Aev^^' 
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Lemma 5 The spaces W^\\,g) are as Sn^xymodules isomorphic to the standard irreducible 
Specht modules S^""'^^ for the two-row Young-diagram 



n{X)+j-l n{X)-j + l 



[a,b] 



Proof: Although this appears to be standard we shall provide a proof to fix conventions. We 
largely follow here the definitions and notations of P]. First we note that ker{H + j — 1) is 
naturally isomorphic to the permutation module M^'^\ where n{X) = a + 6 and j = a — h + 1. 

ker{H + j - 1) n L^^^^ maps a tabloid {t} = ^° to 

. . . (g) e^jv with efc = + if /c G {ji, . . . ,jb} and = - if 



The isomorphism Aft"'' 



the basis vector e^ty = e^, (8) e 



k e {i 1, . . . , ia}- It is obvious that the e^^j indeed span ker(iir + j — 1). Consider a tableau 
t = ■ ■ ■ -Ji—lilll I ^° I of shape [a, b]. Let Ct be the column stabilizer group and 



h 




ib 


ib+i\ - • 


• 1 ia 


jl 




jb 





Kt= sign{TT)TT = ~ {ikJk)) 

TveCt k=i 



(24) 



the signed column sum. We set et = nte{t} ■ The Specht module S^"''''^ is the space generated 
by these et and we want to show that it coincider with ker{F). The easy part is to show C 
ker{F). Using that F commutes with Kt we compute Fet = Fntcs^t^ = KtFe^t^ = J2k=i Kte^t^^, 
where {tk} is the tabloid of shape [a + 1, 6 — 1], in which we have removed jk from the bottom 
row and added to the top row. As a result (1 — {ik, jk)){tk} = 0, hence Kt{tk} = so that 
Fet = 0. 

In order to prove ker{F) C S^""'^^ we proceed by induction. ker{F) on M^"'^! is given by 
ker{F'^) on M^"-^^'^\ We have a map 



A:er(F2) n Aft^'-^'^l — > ker{F) D M^"^''^ : x 



Fx 



It is easy to see that this map is an isomorphism. We use first that Fx € ker(F) n M^"''^^^^ 
and hence by induction Fx = ^t^T^t^t- Here T is the set of tableaux of the form t = 



»b-i 



3b-i 



with numbers from {2, 3, . . . , a + 6}. Now as 5 — 1 < a we have that 

ia is not permuted by Ct- Thus if we denote Ej = I^^~'^(2)E^I^^~^ we have that Ei^ commutes 
with Kt. Let ht = KtEi^e^t} Now Fht = FEi^nte^t} = [F, EijKte^t} + Ei^Fi^te{t} = -Hi^Kte^t) 
since et € ker{F) as shown above. Now, Hi^ commutes with Kt and Hi^e^t} = ~^{t} by con- 
struction. Hence Fht = &t In other words S^'^'^~^^ C im{F). Consider now y = x — J2teT^tht- 



We thus have y € ker{F) n 


Ml"" 


-i,b] 


SO that by 


tableau of the form s = 


ki 




kb 


kb+i\ - ■ ■ \ka- 


h 




lb 





everything we find 



with all numbers in {2, 2>, . . . ,a + b}. Inserting 



® X 



e+ Fx 



-- ^ Cse_ (g) Cs 4 
(e_ ® e^) with s 



Now, it is not hard to see that e, 
that a — 1 > b so that 1 is not permuted by Cg- Moreover, (e 
(l,ia))(e_ ® ht){l - {l,ia))KtEi^e^t} = K^e^^ 
Thus z = EsC^e^ + J2tbtef so that z G ^t'^'^l 



e£, where t 





- e+ (g 


et) ■ 


kb 


fc6+i|- ■ ■ 


\ka-l\ 1 


lb 






- ® 


ht - e^ 


- g) et) = 



1 


il 


ia 


jl 



ib-1 


ib 1 


jb-i 





given 
(1- 

• \ia-l\ 
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Combining Lemma ^ with Lemma ^ and using notation {A, g) and {n,g) with 

n> j — 1 and n = j — lmod2 analogous to ( |T^ ) so that V^\^g) = 0„ VV^"'^(n, 51) we find the 
following structure. 

Corollary 7 For every i<j — l<n<g with n = j — 1 mod 2 i/iere is an isomorphism of 
Wg -modules 

TO-) : Ind^:_^^^SMr^Sr-^'^^) ^ >V^-)(n,,). 

Let us also describe the 5p(25(, Z)-generators on the vectors ej spanning the Specht modules 
W^^\X,g). To this end it is convenient to use tableaux in which entries are takes from the set 
A^(A) rather than {1, . . . , n(A)}, related to the standard ones by application of vr7v(A)- We denote 
the set of these tableaux by T^^\X). 



Lemma 6 The sp {2 g,7i)- generators act on the tableau vectors of Specht modules in the - 
TQFT as follows. For the Cq.^a with 1 < i < g — I we have: 

1. If (Aj, Aj+i) = (0, 1) then eai,\et = &s where s S T^^\X + a^) is obtained from t E T^^\X) 
by replacing the label i G N{X) in t by the label i + 1 € A^(A + Oj). 

2. //(Aj,Ai+i) = (—1,0) then ea^^xct = —Cg where s G T^^\X+ai) is obtained from t G T^^\X) 
by replacing the label i + 1 G A^(A) in t by the label i G A^(A + Oj). 

3. If (Aj,Ai+i) = (—1,1) we have {i,i + 1} = A^(A + Qj) — A^(A) and Ca^^xet = Cg where 
s G tO)(A + Oj) by adding a column 



i+l 



to t G T(j)(A) 

4. If{Xi,Xi+i) = (0,0) so that {i,i + l} = N{X) - N{X + ai) then e^^xet, with t G r(^)(A), is 
(a) if the labels i and i + l occur in columns of height 1. 

to s. 



i+l 



(b) 2es if t is given by adding the column 

(c) Cs if i and i + l occur in different columns of height 2. 
Here s is obtained from t by replacing the double column 



k 


I 


i 


i+l 



by 



(d) Cg if i is in column of height 2 and and i + 1 in columns of height 1, where s is 
obtained from t by deleting the column - 



(e) Cs if i + 1 is in column of height 2 and and i in columns of height 1, where s is 
obtained from t by deleting the column 



i+l 



and replacing \ i+i \ by \ k 

nd i in columns of heigh 
and replacing \ j \ by \ k 



All other cases of positions of i and i + l follow from the symmetry properties of the vectors et 
under permutations of columns or within columns. Since N{X + ag) = N{X) if X + ag, X G 
we have that a cicts as identity also on the vectors et. Similarly, H\ acts as identity. 
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4. ¥p = Z/j9Z-Reductions and the Sequences Cp^k 

For the remainder of this article let p be an odd prime number. Since the TQFT's V^' are 
defined over free Z-modules (lattices) we naturally obtain TQFT's Vp^ over the number field 



Fp by setting V^^'Vs W 

Now, each V^\Tjg) inherits a non-degenerate inner product as a sublattice of K Hi{T,g,'L). This, 

however, will in general degenerate if we consider the the p-reduction ( , )p :( Vp (S^) j Fp. 
We denote the corresponding null space as follows. 

V(f)(S,) = {t-GV(^)(S,) : (^,«;)p = Vu;G V(-')(S,)} 

The elements are represented by vectors v € V^"''*(Sg) for which {v,w) G pZ for all w S V^\T,g) 
although V ^pV^\T,g). 

Lemma 7 There are well defined TQFT's vi^^ and V^f) which assign to a surface T,g the 
¥p-vectors spaces ^ ^-^ 

V(^-)(S,) and = Vp (S,)/ 

Proof: We note that since for a cobordism M the map Vz{M) commutes with E we have 
that Vz{M)* commutes with F = E* and hence also maps the V^\Tjg) to themselves. Thus 
if Vi G V^^\^i) for i = 1,2, M is a cobordism from to S^j, and vi represents a vector in 
v{/'^(Si), then (t;2, vi^'^(M)z;i) = {V^^\Mrv2,vi) G as vi-''^(M)*z;2 £ V^-^'^lSi). ■ 

We extend the previous notations to the weight spaces Wp\x, g), W^\X,g), Wp\n, g), 
etc.. Since the weight spaces are all orthogonal to each other these subspaces can be defined 
also as the null spaces from the respective restriction of the inner forms. Now, also the Specht 
modules S'^ for a diagram r = [a,b] inherit an inner form from the permutation module M"^, 
which is via the isometry T compatible with the one on the weight spaces. As in the standard 
literature, e.g., we set 

Vl = ^l I where % = 5; n 

and iSp is the p-reduction of S'^ . They are related to irreducible TQFT's as follows. 

Lemma 8 Let p > 3 be a prime. The TQFT's V^'^ are irreducible over Fp and the weight 
spaces are identified as Wg-modules by equivariant isomorphisms: 

T(^-) : Ind^^^_^^^^{Mr'®^i'^'^) ^ Wi^^d)- (25) 

Proof: The isomorphism in ( p5|) follows from the definitions and properties of T^-^^. We first 
show that the spaces yv!j^^ (n, g) are irreducible with respect to the semidirect product Xg of the 

Cartan algebra I^[i)g] C 5l{2g,Z)_a.nd the algebra of the Weyl group ^iSUg] C Z[S-p{2g,Z)]. 
For any vector v = X^a G VV^''-'(n, (7) the action of f)g shows that each weight compo- 
nent vx G W^J\X,g) has to lie in XgV. Each W^\n,g) is a module of a symmetric group 
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Sn C Wg C which is equivalent to 'Dp 2 ' 2 _ j^. j^^^ follows from Theorem 4.9 in |Q 
that these representations are irreducible. In fact, as p > 3 any two-row diagram is p-regular 
so that these representations are never zero, see Theorem 11.1 in |5|. In particular, ii vx 
then Z[Sn]vx is the entire module. Hence, ioi v we must have yV^\X,g) C XgV for at 
least one A € with n(A) = n. Since 2Ug acts transitively on all of such weights and pro- 
vides isomorphisms between the weight spaces we thus have yVp\n,g) = XgV, which implies 
irreducibility since v was arbitrary. A submodule of V^\T,g) must therefore be a direct sum 
of the W^\n, g). Each of these contains a special vector w!^ = T^g.^+i (ef(„j)) with t{n,j) = 

^ • • • ^^±3' ■ ■ LjlJ where m = n- j + 1. Using k^^^ = 2™-Kt(n,i) for the antisym- 

metrizer (g4|), we find {wg,w3^)p = {et{n,j),et(n,j))p = '^"'_{^{t{n,j)}, K'te{t{n,j)})p = 2™ ^ Omodp 
for p > 3 so that all of these vectors are non-zero in yVp\n, g). It can be computed from 
the rules 3. and 4-(b) in Lemma ^ that eQg_^_jSg_„_ii(;^ = wf^_2 and eag_„^iw!^ = 2wf^_^_2, 
where Si G SU^ maps aj to —bj so that with 2 ^ Omodp we have non-trivial maps between 
all of the irreducible X^-components. Consequently, the V^^^(Sg) are irreducible as sp{2g,Z)- 
representations and any sub-TQFT must assign either this space or to a surface T,g. As in 
we easily check that the handle attachment maps are non-trivial between these spaces so that 
V^^^ does in fact contain no proper sub-TQFT. ■ 

We next construct a sequence of maps between the p-reductions of the Specht modules, using 
the s[(2, Z)-actions. As before we fix n G N and denote the Specht module 

S^^^ = Lgnker(F) nker(i/ + c- 1) ^ , 
where c = a - 6 + 1 with tableau r = [a, b] = [^^±f^, ^^=j^]. 

Lemma 9 Let p > 3, c ^ Omodp, and cq G {1, . . . ,p — 1} such that c = cq modp. Then 
Moreover, 

E'^^iS^^^) <tpLl and E^iLDdpLl. 

Proof: Now, with notation as in the proof of Lemma et[n,c-i) ^ 'S'z ^ cyclic vector 
so it suffices to show that -E'^''(et(„^c_i)) G {Sj^ ^"^"^ -|- pL'^) — pL^. Furthermore, et{n,c-i) = 
Ct(m,o) ® e®'^^^ and Eeii^^^^ = so that we really need to show that E^°{e®'^~^) G {ker{F) + 
pL^^) — pL^^, where c = cq + kp. We do this by induction in cq. 

For Co = 1 we have c — 1 = kp and, using s[2-relations, FE{e^^^) = —He^^^ + EFe^^"^ = 
kpe^^ . Hence, if we set w = ke^^ ^ (8> e+ we find Fw = e^^ so that E{e^'^) — kpw G 
ker{F), meaning E{e^'^) G ker{F) + pL^^ . Next assume the assertion is true for cq so that 
^co^g®c-i^ _ y _l_ with Fy = and —Hy = (c — 2co — l)y. . We have by binomial 
formula and Ee- = e+ and E'^e- = that £;^o+i(e?^) = £;co+i(e®c-i ^ ^ ^ 
e_ + (co + 1)^^=06?^-^) ® e+ = {Ey) e_ + (cq + l)y 6++ pz' . Thus we need to show 
t = {Ey)®e- + {cQ + l)y®e+ G ker{F)npL^. We compute Ft = {FEy)®e- + (co + l)?/®e_ = 
{—Hy) t- + (co -|- l)y <8> e_ = (c — co)y <8> e_ = /cpy ^S* e_. Also F{y ® e+) = y ® e_ so that 
t — fcpy (8) e H — G ker{F) and hence t G ker{F) CipL^. 
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Finally, it is not hard to see that (ef''° e^''~'"^~^ , E"'^ {e®''~'^)) = cq! ^ Omodp if cq < p 
so that E'^°[e®'^^^) pL'^^ and hence et{.a,c~i) ^ P-^z- Also, the binomial formula yields 
= (^)EP~^ (8) so that we can conclude E^ = by a similar induction argument. ■ 

In particular Lemma |9| implies that we have well defined, non-zero maps 
Sp^ '^'^^'^ on the respective p-reductions Sp'^^ = /pS^^ = /pL^^ using that pS^^ = 

si'^npL^. 

Corollary 8 For p and n as above and k = 1, . . . , p — 1 with k = n + 1 mod 2 there is a sequence 
Cp,k of Specht modules over ¥p as follows: 

^ ^ ... ^ si^P+^^ — si^P-^^ 5f > ^ > ^ . (26) 

All maps (except the first and last one) are non-zero, and any two consecutive maps compose to 
zero. 

More precisely, we have that the i-th component of this sequence is C« = Sj^'^+'^l where 
ki = k if i is even and ki = p — k if i is odd. The maps are E^ '■ ^p k ~* ^p k Va&i two 
consecutive maps compose as E^^E^'+'^ = E^ = 0. 

We have that C^^l = Sp''^ = Vp^^ is the (non-zero) quotient map. Now, it is clear 

that im{E) C ker(F) C Sp given that E* = F. Hence also the composite ^ ^ ^pk ~^ 
Cp j}^ is zero. In order to characterize the last index write "^^'^^ = ph + q with /i E Z and 



0, ... p — 1. We have 



l = h-'' '^"1^^ (27) 
\ q ifq < k ' ^ ' 



The maps in Corollary ^ thus extend to a sequence of the p-reductions of the induced 
representations from Corollary]^ as well as the weight spaces }Vp^\n, g). The respective maps 
on the vector spaces Vp'^^(Sg) are, by equivariance of the T^-^^ given by the restriction and 
p-reductions of the maps E'^'^ on A Hi(Tig). In particular, these maps commute with the TQFT- 
images of the cobordisms by equivariance of Vz- 

Corollary 9 For p, n and k as above there is a sequence of natural transformations of TQFT's 
... ^ _^ ^(ip+ki) _^ _ _ ^ V^^^~^^ V^'^-* y^'^^ (28) 

with ki = k,p — k as above and any two consecutive transformations compose to zero. 



5. Exactness of Cp^k 

Exactness of the sequence Cp^^ defined in Corollary ^ follows from the modular structure 
of the involved Specht modules. The irreducible factors of Sp for two row diagrams r are 
determined in Theorem 24.15 of [^. For our proof we will, however, have to make use also of 
the precise submodule structure, which turns out to be rather rigid. We use the recent result of 



Kleshchev and Sheth in |12| that describes this structure precisely. In order to state it we need 



to introduce some more conventions and definitions. 
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For a Young diagram r = [a, b] we set c = a — b + 1, and consider the p-adic expansion 

c = Co + cip + C2P^ + . . . + CrP^ with Cj G {0, 1, . . . ,p - 1} . (29) 

As in [^] we denote by A-,- the family of sets of integers of the form 

/= [ii,i2)^[h,ii)yj . . .^[i2u-i,iut) (30) 
such that ii < i2 < . . . < i2« , Ci,^_i / and c,,^ ^p-l- (31) 



For such a set / G A,- we define as in [12|the number 



= Y.(p-l-c^)p^ + Y.P''^-^ = E^L-....) ' (32) 

i&I j=l j=l 

w—1 

where = ^ {p — 1 — Ci)p' + . Also as in [^] we introduce the smaller set A-j- C A-j- 

i=u 

given by 

A^ = {I £ : 6} <b} , (33) 
as well as for any / S the function vi on Young diagrams r = [a, 6] defined as 

i^i{T) = [a + 6},b-6}]. (34) 

As before we denote by the irreducible quotient of the Specht module over ¥p for any two 
row diagram ^. Also denote by J^{M) the set of irreducible factors that occur in a composition 
series of a representation M. Further, let be the smallest sub module of such that 
V!^ G J^{M.^). The description of the submodule structure in [12| uses the partial order on 
T{Sl) defined as <r V^^ if and only if MJ,.^ C MJ,^, i.e., if and only if V^^ C MJ,^. 



Theorem 10 (Corollary 3.4 of ||T2|]) 

1. All multiplicities ofT>^ in S"^ are zero or one. 

2. T{s;) = {v;'^^^ : leAr} 

3. Vp-'^'"'^ >r Vp'^''^ if and only if J <^ I . ■ 
We define now a submodules Sp by choosing a special subset of of Ar and A^. It is defined as 

i° = {/ G : G /} and i+ = i - i° = {/ G : /} (35) 

as well as A^ = A^r\ Ar and Al^l = Af n A.^. Let us also introduce the number 

kj- = min{j > 1 : Cj 7^ 0} with kr = 00 if c = cq. Hence 

c = Co + CkrP''"' + . . . + Crp'' and [0, A;^) n / = for any / G i+ . (36) 

The latter follows since if ^ / we must have ii > 0. But with Cj^ 7^ we find ii > kr- For the 
following we assume c ^ Omodp, i.e., cq 7^ 0. Given this we introduce for a diagram r = [a, 6] 
with a — b = c — 1 > 2cq (so that k^- < 00) the notation 

r' = [a - Co, 6 + co] so that r = i^[o,a.v)('^') (37) 
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For r' we thus have c' = c — 2co and for the p-adic expansion of c' = j c'jP' we obtain 



^3 

Co = P - Co 4^ = Cfc, - 1 

= p — 1 for 1 < ? < A;,- = Cj for i > A;,- 



From these equations it is clear that Cq 7^ and c^^ ^ p — 1 so that [0, /ct) is an admissible 
interval for At-l In fact, it is the unique minimal interval of the special subset 

i°, = {/ G ir' : [0, K) C /} and [0, G . (39) 

This is obvious since we must have = for G / and then the next possible 12 is kr- It is also 
easy to see that 5Jq = cq, confirming the relation in (37) between r and r' via (34). We have 
the following simple but crucial observation. 

Lemma 10 With r and t' as above we have a well defined bijection with inverse 

0: — > A+ : I ^ I-[0,K) and (p-^ : i+ — > i°, : J ^ JU[0,kr) 

Proof: We first show that (j) is well defined. From ( |39[ ) we know that every / G A^, contains 
the special interval and is thus of the form 

/= [0,22) U [-13,24) U ... U [z2«-i,i2«) with i2>kr. 

Clearly, ^ 4>{I)- We further distinguish the following two cases: 



Case «2 = • In this situation = [13, i^) U . . . . Now </>(/) G since by (38) the 
coefficients of c and c' and hence the conditions on the ij for j > 3 are the same. 

Case i2 > kr : In this situation = [fer; ^2) U R with R = [23, 24) U ... . We have c^^ ^ 
by assumption, and Cjj = c^^ 7^ ^ ~ ^ ^2 > ^r- Also all intervals in R are admissible. Hence 
G again. 

In a similar fashion we show that is well defined using the fact that any L G is 
by ( |36[ ) of the form L = [j'l, j2) U [^3,^4) U . . . with ji > k^. For ji > A;,- we have (p^^{L) = 
[0, kr) U [ii, J2) U [i3, J4) U . . . . This is i°, as c'q / 0, 4^ / P - 1, and c'j = cj for j > ji. In 
case that ji = kr we have (t)^^{L) = [0,^2) U [js, j4) U . . . , which is again in A^, since c'- = Cj for 
j > j2 > ji. It is obvious that (f) and are inverses of each other given (p6|) and 



Next we consider how the differential from (32) changes under this bijection. 
Lemma 11 We have 

^'1 = + Co 



Proof: This is a computation done according to the same cases as in the proof of Lemma 10 



Case i2 = kr : Then 5}' = 5[o',fe^) + ^j>2 ^[i2j.i,i2j)- ^^^^^ c- = p - 1 for i = 1, . . . , A;^ - 1 

we have ^Jq = (p — ^ — c'q) + = cq. We also have (5[^'^. ^ ^^.-j = 5J-^^ ^ ^^.-^ since the q are all 
the same with ij > kr- But 6^_^q ^^-^ = J2j>2 ^[12- 1 42 ) which implies the assertion. 
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Case 12 > kr : As before we write / = [0, U [i^, ^4) U . . . = [0, 12) UR and (/>(/) = [kr,i2) U R 
SJ' = + l + (40) 

12-1 

= (p-l-c[,) + l + + ^(p-l-c^y + 5}j (41) 

= CO + (p - 1 - Cfcjp'^- + + 1^ _ 1 _ c,)p^ + J- (42) 

= CO + 1^ (p - 1 - c,>* + p'^- + S-j, (43) 

= Co + + = Co + 5ffc,,i2)ui? = Co + 5/_[o,fc^) (44) 

which proves the assertion. ■ 

Corollary 11 The map (j) restricts to a bijection (p : A^, — > A'^ with the properties that it 
is monotonous with respect to inclusions and 

Mr') = ym^r) . (45) 



Proof: From ( |37| ) we have b' = h + cq. Moreover, Lemma 10 and Lemma |TT] imply that 
I G Al, iff 5}' < b' iff (^J(j) + Co < 6 + Co iff 6^^^^ < 6 iff (^(I) G A+. The fact that 0(A) c 0(5) 
iff j4 C -B is obvious. Relation (^) is immediate from Lemma (|3^ ) and (^). ■ 

Let us turn now to the analogous relations between the modules. The set A^ contains a 
minimal element, namely = [0, hr), which is the smallest interval with h^- > and Ch^ ^ p — 1. 
We denote the modules 

^l = ^l,oir) and §; = S;/§r. 



By 3. of Theorem 10 we know that the modules in the composition series of ^^^^ are of the 
form T)p''^'^\ where C J, which is equivalent to J G A^. Hence 

^( s;) = {V/^^ : leAl) and T{ §1) = {V^'^^^ : / G A+} . (46) 

With h-r' = kr and I^, = 0(0) we thus have iS^' = M^'. The bijection from Corollary 11 
allows us now to show that the composition series of Sp and Sp yield exactly the same set of 
irreducibles via the identification 

0* : J^{S;') ^ : V^'^^') A (47) 

Lemma 12 Let r and t' be as above. Suppose there is a non-zero map 

i : SI — > cS;' with SI C ker{^) . 

Then we have 

J I 
p and ker{^) = Sp . 
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— IXl / 

Proof: Consider the map : — > Sp defined on the quotient by Sp as well as the 

— ^ X / r— n 

composite ^ : Sp — > Sp with the projection. Now, since by 1. of Theorem we have a 

disjoint union T{S^') = -F( SJ,') U S^') so that by (|^) ^;;') n = 0. Hence | is a 

map between modules with no common irreducibles in their composition series so that ^ = 0. 
Thus the image of ^ or ^ must lie in Sp . Consider the sequence of maps 

e : Mi = s; ^ s; ^ s; = mi 

Since all multiplicities are one we have again a disjoint union T{^M.\) = J-{ker{^)) U J-{im{^)) 
so that either Vp € J-{ker{^)) or T)p G T{ker{^)). In the first case this would mean that 
ker{^) C is a submodule that contains Dp in its composition series so that by minimality 
ker{^) = M."^. We had, however, assumed that ^ 7^ 0. Hence Vp must be contained in the 
composition series of im{^) C jKdl^ . Again it follows by minimality that im{^) = A4^'. This 
also means that ^ is a surjective map. The fact that all multiplicities are one together with (p7| ) 
implies that dim{ Sp) = dim{ Sp ). Hence ^ must be an isomorphism. ■ 

We are finally in the position to establish following resolution of irreducible modules by 
Specht modules. 

Theorem 12 The sequences (26) from Corollary^ are exact. 

Proof: We begin by deriving from Theorem ^ that the first term Sp"~^^ in the sequence 
is irreducible. Here we have b = I and c = n + l — 21 = 2ph + 2q — k — 21 so that by 

ii q > k ^ \ k if q > k 

if g < /c '^^ \ P — k ii q < k 

Now for a set / E A.,- with / ^ we have 5j > p — cq. We also need 61 <b and hence p — cq < b. 
For q > k this condition reduces to p < q, which is not possible, and for q < k we find q > k, 
a contradiction as well. Hence Ar = {0} so that Sp"^^ '^'^ = 5^""^^ '^''^ = T>^^^ '^'^ and 

|{n+l-2Z} ^ Q_ 

Next, we observe that all maps E^^ : _^ ^{«p+fci} -^^ ^-^q sequence are of the type 

of the ones in Lemma |l2| with diagrams related by (^). More precisely, we have cq = /cj+iso 
that c' = c — 2co = {i + l)p + /cj+i — 2A;j+i = jp + {p — fci+i) = ip + ki. Corollary ^ also implies 
that these maps are non-zero and equivariant. It now follows by induction, going from large to 
small i, that 

ker{E''^) = and im{E''^) = . 

For the first two maps in the sequence this is clear by irreducibility of the first module and the 
fact that the next map is non-zero. 

Once we have proved the relation for E^+^ we know from E^E^+^ = that S} 




im{E^+'^) C ker{E^). We can thus apply Lemma 12 to E and infer the statement for i from 



(k} 

i -|- 1. Hence exactness holds for the terms before Sp . 



For this last Specht module we have cq = k and Cj = for j > 0. Thus A^ = {0} and 
^0 ^ |[o, j) : p) < n+l+i} using that 6[oj) = p> - k and b = Particularly, we have 

that Sp''^ = Vp^^ is already irreducible. The kernel of the last map already contains §l!'\ the 



20 



image of the previous map, in its kernel. If the kernel was bigger the map would thus have to 
be zero, which is not the case. Hence exactness also holds at Sp . Finally, the last map is by 
irreducibility onto so that exactness holds through out the sequence. ■ 

As a result we obtain that the sequence of TQFT's in (28) of Corollary |9| is exact and 
this yields a resolutions of the TQFT's V^'^^ with < k < p, thus proving Theorem ^. The 
kernels and cokernels of these sequences also define TQFT's, which we denote in analogy to the 
symmetric group representations by Vp and Vp so that we have short exact sequences 

^ V(/') V^^') V(/) ^ . (48) 



6. Characters, Dimensions, and the Alexander Polynomial 



An obvious application of Theorem 12 is that we can express the characters ipp*" and dimen- 
sions of the Vp'' = Vp'^ for diagrams = [ "■+^~^ ^ ""^+^ ] with k = n+l mod 2 and d < k < i 
in terms of the ordinary characters of Specht modules S'^ . 



Corollary 13 Fork = n+lmod2 andO < k < p we have the following identity of Sn- characters 

H=7 = E(-1)*X"^' ' (49) 

i>0 

where ji = ip+ ki and ki = k for i even and ki = p — k for i odd. 

As an example we consider the special case p = 5, where A: = 1 or 3 if n is even and /c = 2 or 
4 if n odd. In [22| Ryba constructs a family of irreducible so called Fibonacci representations 
Rn and R'^ of Sn over F5 with Brauer characters ipn and ip'^ respectively. It follows by straight 
forward computation from (|4^) and the formulae in Definition 2 of that (p^ = (pt'^^ ^^'^ 
4>n = '/'s'^^''' ^' if n = 2r is even, and 0^ = (f)^^^"^'^ and = (j)-^'^'^''^^ if n = 2r + 1 is odd. 



Corollary 14 The Fibonacci representations from 



are 



p ~ / ^5'^^''' if n = 2r 7?/ ~ / ^5 '''^ if n = 2r 



% tj It - ^1 ^ ^ 

We expect similar relations with the generalizations of these representations obtained by Kleshchev 
in g. 

The dimensions of the Specht modules are naturally given by the Catalan numbers C{n,j) = 
(p — ij^i)- More precisely, dim{S^'"^^'^^) = C{n,b). Particularly, we find for the components of 

the sequence in (|26|) that dim{S^'^^''^) = C{n,b — sp) and dim{S^'^'^''+^^) = —C{n,b+ (s + l)p), 
with b = ""'"^"^ , where we also use that C{n,j) = —C{n,n + 1 — j). The alternating sum of the 
Specht module dimensions comes out to be 

dl = dim{V^p~^'''^) = ^C(n,6 + sp) provided 0<k = n-2b + l<p. (50) 

Note that if we extend the above formula for to the next indices we find 

dg = for odd n , and dp = for even n (51) 
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In order to describe generating functions for these dimensions we introduce some notation. First 

we write [n]x = r- £ Z[x, x^^] for the usual quantum integers. Moreover we consider now 

X — x~^ 

the ring of cyclotomic integers Z[Cp] obtained by imposing the relation J^^Zq^'' = 0- 

It is free as a Z- module of rank p — 1- We also denote by A[Cp] C Z[Cp] the subring invariant 
under conjugation <^p i— > (^~^. This is a free Z- module of rank ^y^. It is not hard to see that the 
set of [k](^^ restricted to either even k or to odd k yields a Z-basis for A[Cp]. 



Lemma 13 We have the following identity in A[Q 



Pi- 



mi = E dmc. (52) 



0<k<p 
k=n+l mod 2 



pn+j — 1 n—j + l 1 
2 ' 2 J 



Proof: We have by Schur Weyl duality that ^ V^"" ^ 0j=n-imod2^i 
The operator x^ with G s[(2,Z) is well defined and has trace trvj{x^) = [j]x- It thus 
follows that [2]" = J2i>i i=n+imod2[^]xC{n, ""^^-^ ). Now any such / can be uniquely written in 
the form I = k + 2sp or / = —k + 2(s + l)p with s > and k = n + 1 mod 2 and < A; < 
p. Specializing to a root of unity x = (p we have then that = [A;]^^ and [/Ji^^ = —[k],^^ 
respectively. Also C{n, ^^^) = C(n, ^^^|±i - sp) and C{n, ^^±i) = C7(n, ^^±|±i - (s + = 
—C{n, ""2"*"^ + (s + respectively. Hence, the terms for a fixed k are given by [A;]^pC(n, 6 — sp) 
and [k](^^C{n,b+ {s + l)p) for s > and b = ""'"^"^ , which with s G Z adds up to the expression 
in ®. ■ 

Using [2]2^[A;]2. = [k — l]x + [k + l]x and the bases of A[Cp] C Z[Cp] we readily derive from (js^) 
the recursion d^'^^ = d'^_^ + d^_^^. This translates for < a — 6 < p — 2 to 

dimiV^p'"'^^) ifa = 6 

dim(p{f'^]) = <j dim(pjr"^'^]) + dim(pjf'^"^l) if0<a-6<p-2 . (53) 

dim{V^p'^'^^) iia-b = p-2 

It is easy to see from this form that the dimensions are indeed given by the number of paths 
through the set of diagrams with a — 6<p — 2as described in in ||T^ for general diagrams. 

In the case p = 5 this recursion reduces to dim{Rn) = dim{Rn-i) + dim{R'^_-^^) and 
dim{R'^) = dim{Rn-i) so that the dimensions are given by Fibonacci numbers. More pre- 
cisely, we have dim{Rn) = fn and dim{R'^) = fn-i, where /„ are the Fibonacci numbers defined 
by /o = 0, /i = 1 and fn+i = fn + fn~i- Note that together with ( |50| ) we find interesting pre- 
sentations of Fibonacci numbers in terms of alternating, 5-periodic sums of Catalan numbers: 

= C(2r, r - 1) - C7(2r, r - 3) + C7(2r, r - 6) - C7(2r, r - 8) + . . . (54) 

= C(2r + 1, r - 1) - C{2r + 1, r - 2) + C(2r + 1, r - 6) - C(2r + 1, r - 7) + . . . 

and 

/2r+i = C(2r + l,r)-C(2r + l,r-3) + C(2r + l,r-5)-C(2r+l,r-8) + ... (55) 

= C(2r + 2, r + 1) - C(2r + 2, r - 3) + C(2r + 2, r - 4) - C(2r + 2, r - 8) + . . . 

The reader is invited to check these identities independently via recursion relations such as 
C(n + 1, j) = C(n, j) + C(n, j — 1) or via the well known generating functions of Catalan and 
Fibonacci numbers. 
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Another useful tool in the determination of dimensions are fusion algebras or Verlinde al- 
gebras, see 1^]. For the quantum group Uq{5l2) at a p-th root of unity the ring of irreducible 
representations yields the fusion algebra generated by the irreducibles {1}, {2}, . . . , {p — 1}. 
Let us denote by mult{k, i?) E N U {0} the multiplicity of \j] in an element i? G so 
that R = ^jmult{k,R){k]. We have relations {1} o [k] = {/c], (p — 1] o {A;} = \p — k] and 
[2] o {fe} = {A; + 1} + {A; — 1] for 1 < k < p — 1. Comparing this to the recursion in ( |53[ ) we find 
that 

dim{v\, 2 ' 2 I) ^ mult{k,[2Y) (56) 
Now, as the are isomorphic to the weight spaces W^^\\,g) with n = n{\) we find dim{Vf\llg)) 
J2^^Q2^~^[^)dim{'Dp 2 ' 2 ^ ^^^^ gj^^j ^j^g following Verlinde type formula. 

Lemma 14 



with ff„ 



+ 



(57) 



Compare this to the TQFT's V^^"'" and of Reshetikhin Turaev for the quantum groups 
C/g(5l2) and Uq{50-i) respectively at a p-th root of unity. (V^'^ is really a factor TQFT obtained 
from Vp^^ by restricting to odd dimensional representations). With Fp = X^jl^i + 1]^ and 



F! = 2F. 



Y.kW we have 



dzm(V;^^(Sg)) = mu/t(l,F;^) = 2Smu/t(l, F^) = 29(iim(V^^(Sg)) (58) 
In the case p = 5 these formulae allow us to efficiently compute and compare dimensions. 



Lemma 15 We have for the dimensions Dg 
1. For even g: 



[k) 



dim{vf~^\T.g)). 



D. 



(1) 
g 

(4) 



2g+i 



9-1 



/2g^ 



D 



(2) 
9 

(3) 




2. For odd g: 



^(1) 

^9 



5 2 (/g-2 + fg) + /2g+l 



i(5^(/,_2 + /. 



D. 



(2) 
3 

(3) 



if5^(/,-l+/,+l) + /2, 

H5'^(/.-i + /.+i)-/2. 



and 

dimCVs^'^CSg)) = Z)(i) + i^f V5 > . (59) 

Proof: Let us use a more convenient notation 1 = {!}, p = (3}, a = {4], and aop = {2} subject 
to relations p o p = 1 + p and o"^ = 1. These relations imply p*^ = /n_il + /nP, ffs = 2 + o" o p 
and F5 = 2 + p. We note now that F| = (2 + p)^ = 4 + 4p + p^ = 5(1 + p) = Sp^ so that 
F| = 5^[fg_i + /gp) if g( is even. From there we compute directly that for odd g we have 

¥9 = 5^ ((/^_2 + fg) + ifg-i + /g+i)p). Consider also r? = 1 - p. We have r?^ = 1 - 2p + p^ = 
2-p = 1+1] and thus again r/" = fn-i+fnV- We find {2-py = rf^ = f2g-i+f2gr] = f2g+i-f2gP- 
Now, we have (1 + o") o ffs = (1 + o") o F5 and thus (1 + u) o ff| = (1 + o") o F|. Similarly, we 
find (1 - a) o fff = (1 + 0-) o (2 - p)3 so that fff = i(l + o") o Ff + i(l - o") o (2 - p)^. With the 
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previous results on Fg and (2 — p)^ we thus find a formula for ffg, which inserted into ( ^7|) yields 
the asserted formulae. ■ 

The formula in (|5|) reflects the fact that V'-^^ © V^"^^ is the sum of the irreducible constituents 
of the Fs-reductions of V^^"^ as TQFT's, see [ p!o[] . For larger primes p it is, however, not possible 
that a Fp-reduction Vp^ has only the Vp^ as irreducible components. This is easily see by looking 
at the large g asymptotics of the dimension expressions in (|57| ) and (|58|). The operations on 
$p given by multiplication by or ffg are represented by matrices with non-negative integer 
coefficents. Perron- Frobenius theory thus implies that the matrix elements of of F^ or ff^, such 
as those in (^) and (p^), grow like ~ and ~ ||Fp||^, respectively, where ||Fp|| = 

and ||ffp|| = 4cos^(^) are the largest eigenvalues of the associate matrices. We thus obtain (^. 

Note, that HFsH = HffsH but that ||Fp|| > ||ffp|j if p > 5. Thus, a linear relation as Theorem^ 
cannot generalize to p > 5. Instead, we can find polynomials Rp{f) € of with degree 

deg(i?p) = — - — such that Fp = i?p(ffp) by using recursive relations in $p, which may be 

identified with a F2-extension of the real part of Z[<^p]. Using modified Tschebycheff polynomials, 
which we define by the recursion Pj^i{x) + Pj-i = x ■ Pj{x) , with Pq{x) = 1 and Pi{x) = x, 
the Rp can be written as follows. 



— 

RpU) = ±n,.P,{f-2), with n, = {'3f . (60) 



for j even 



For example, R^if) = f, Rjif) = 2f - 7/ + 7, Rg{f) = 2f - 9f + 9/ + 3, Ru = - 22 f + 
55/2 _ 55 J _^ 22, and Risif) = 3f - 26/^ + 78/^ - 91 f + 26/ + 13. These polynomial appear 
to play an important role in representation theoretic aspects of Conjecture ^ 



The analogs of the character expansions given in Corollary |13| and relations as in Lemma [13 
in the context of the corresponding TQFT's attain a topological interpretation via the Alexander 
Polynomial A^(M) € Z[a;,a;~^] for a compact, oriented 3-manifold M with a selected epimor- 
phism if : Hi{M,'L) — » Z. Up to ^-equivalence the cocycle defines a two-sided embedded 
surface S C M and cobordism Cs : S — > S obtained by removing a neighborhood of S from M. 
The Alexander Polynomial is then given (up to a sign, which is determined by the additional 
framing structure on M) by the following identity extracted in Section 11 of 

A^(M) = trace(x-^Vz(Cs)) = ^[j]„,.trace(V^-''^(Cs)) (61) 

By inserting j; = ("p or x = — Cp, a p-th root of unity, and reducing the integer coefficients to Fp 
we consider the image of the Alexander Polynomial under the two so defined natural maps 

Z[x,x-i] Fp[Cp] : X ^ ±Cp :A^(M) ^ l^,p(M) . (62) 

Now, if we insert x = Cp into ( |6l| ) and use [ji]±(j, = (±1)'^~^(— l)*[A:]^p, where j'j = ip + ki as 
before, we infer from the resolutions of TQFT's in ( p8|) the following identities 

2 



KA^) = E(-l)'"'Wc.(i™ce(V('=)(Cs)) + trace(V(P"'=)(C7s))) , (63) 

k=l 

p-i 

^^.p(^) = E [fc]c.(i™ce(?f (Cs)) - irace(?(r-^)(Cs))) . (64) 



k=l 
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This implies Theorem^ At a 5-th root of unity A|^p(M) depends only on traces of Cs under 

Vf ^ e ^ and eV^. The former is in [|lO| identified with the integral semisimple reduction 
of the Reshetikhin Turaev theory and implies (0) . 

7. JOHNSON-MORITA EXTENSIONS 

As before we consider for H = -ffi(S) a standard basis {oi, . . . , Og, 6i, . . . , bg} that is sym- 
plectic with respect to the standard skew form ( , ) and orthonormal with respect to the inner 
form ( , ). Let J G Sp(2(7, Z) be the special element defined by Joj = bi and Jbi = —ai so that 
= {x,Jy) and Jg^^J^^ = g* . Also denote by a; = ^jctj A bj the standard invariant 
2-form. 

For any x G /^H we can now define a degree-m map : Kh K^^H by v{x).y = xAy. 
From this we define another map as fi{x) = v{Jx)* : KH A* of degree — m. 

Lemma 16 The maps v and fi have the following properties: 

1. Covariance: gv{x)g^^ = v{gx) and gfi{x)g^^ = fi{gx) for all x G KH and g G Sp(2g(,Z). 

2. Homomorphy: v{x Ay) = u{x)v[y) and fi{x Ay) = ii{y)^{x). 

3. Generators: i'{uj) = E and fJ-{uj) = F so that [E, i^{x)] = [F, /i(x)] = for all x G KH. 
4- Anticommutator: ^{x)v[y) + i'{y)fj,{x) = {x,y)I for all x,y G H .. 

5. Commutators: [E,fi{x)] = v{x) and [F,v{x)\ = —fJ.{x) for x & H. 

Proof: Covariance for is obvious. For /i consider (//i(x)(7^-'^ = [g*^^v{Jx)g*)* = u{g*^^ Jx)* = 
v{Jgx)* = fJ-{gx). Also homomorphy is obvious and the fact that I'iuj) = E follows by defini- 
tion. This implies the zero-commutators since uj is even, hence central, and F = E* . The 
anticommutator relation is readily translated to v{x)*i'{y) + v{y)v[x)* = {x,y)I. As a sym- 
metric bilinear relation it suffices to prove this for a system of two orthonormal vectors v 
and u). Then A H = A L ® A L^, where L is the space spanned by v and w and its 
orthogonal complement. Clearly, u{v) and ^{w) act only on the A L = i^)®'^ with basis 
A w\ = {e_ ® e_,e+ ® e_,e_ ® e+,e+ (8) e+} . In this form the operators take 
on the form = E ® I and 1^(10) = —H E, where the sl2-generators E and H act as 
usual. The relation follows now from HE + EH = and E*E + EE* = FE + EF = I. 
The commutators follow by direct calculation. E^(x) = v{oj)n{x) = '^ii'{ai)i'{hi)^ji{x) = 
-J2i'^{ai)fJ'{x)u{bi) +Y.i'^{ai){x,bi) = Y.i P-{x)i'{ai)h'{bi) - Y.i{x,ai)v{bi) + Y.iT^{ai){x,bi) = 
n{x)E + u(^J2iO'i{x,bi) - bi{x,ai)'j = ^j,{x)E + v{^^ai{x,ai) + bi{x,bi)^ = n{x)E + u{x). The 
second relation is just the conjugate of the first. ■ 

Equipped with these relations we can now construct maps between the Sp{2g, Z)-representation 
spaces from previous sections. 

Lemma 17 The map fi restricts and factors into an Sp{2g,'Z)-covariant map 

' -2^ — Hom{V^^\^),vt-\^)) . 
ujAA H 

Moreover, for any x G ATH we have that 

fi{x) : im(£;'+™) — > im{E^) . (65) 
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Proof: Recall that V(^')(Sg) = ker{F) f] A^^ ^^^^H. Now commutes with F and thus 

maps ker{F) to itself and thus by counting degrees to V^^~^'^\'Sg) = ker{F) n A^^ ^^^^H. 
Moreover, ^{uj Ax) = n{x)fi{Lo) = ^i{x)F = if restricted to ker{F). By the homomorphism 
property it suffices to show the second relation for m = 1. In this case 

{I + 1)E''1'{x)z € im{E^) by iteration of the commutator relation. ■ 

Consider now the following family of extensions of the symplectic group defined as a semidi- 
rect product. 

JMaim, g) = ( ) X Sp(25, 1) (66) 



LO A /\ H 

Proposition 15 For a ^ Omodp we have well defined representations of JMa{m, g) on 



Uj,^Hm,g) = V(^-)(S,)eV(^-+-)(S,) 

which decomposes as indicated if restricted to Sp{2g, Z) and is given by fi if restricted to the 
abelian part. For j = kmodp with < k < p — m and using the notation from we have 

thatui^\m,g) = vi^\^,) e vi^+"'\^g) is a proper suhmodule with suhquotient 



Ui^Hm,g) = V(^-)(S,)i V(^>-)(E,) ^ s) / ^U) (67) 

Proof: In general if V, W and M are G-modules, and fj, : M ^ Hom(V, W) a covariant map, 

we construct a module F © of M x G by letting (m, g) act on the sum F © 1^ by the block 

r q 01 ^ 
matrix so that C © is a submodule with subquotient V. Thus the map /i 

[H{m)g g\ 

from Lemma |l^ defines such a module for JMi(m, g) over Z. In the Fp-reduction a is invertible 
so that fj, can be extended to JMa{m, g). 

By exactness of the sequences in (|2^ ) we have that Vp\Tig) = Vp\Tig) n im{E'P~^). Thus 



by (H) of Lemma Owe have that n{x){ v}/'^(S^)) C V^^'"^™^(Sg) nfm(EP-'=-™) = V^-''+"')(Sg). 
This implies, by construction, that Vp "'(S^)© Vp^^\Tig) is indeed a submodule. ■ 

Note that for < k < p the factors in ( |6^ ) are irreducible. We also write 

mj\m,g) = y(^-)(S,)©yO-+-)(S,). (68) 

The case that is topologically relevant is m = 3. For this case Morita constructed in ||l^ a 
homomorphism k '.Tg ^ JM2{3,g) on the mapping class group Tg. Its kernel is the group ICg 
generated by bounding cycles and its restriction to the Torelli group coincides with the Johnson 

homomorphism T2 ■ 2g ^ ^-jj— from Q. 



Theorem 16 (Johnson[§], Morita @) There is a finite index subgroup Qg C JM2{3,g) = 
1 A^H 

^ Sp(2<^, Z), and homomorphisms T2 and k such that the following diagram is commutative 
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with all rows and the last column exact. 




I 



> Kg > > Ig » 







^X^> ^Yg 



Sp(2ff,Z) > 







Combining this result with Proposition 15 now yields Theorem where we denoted the special 
module Jl\P{T.g) = W^\'i,g). Note, that we obtain from the sequences in (|28) similar resolu- 
tions. Particularly, for 5 > 0, p > 5 a prime and Q < k < p — 2> there is an exact sequence of 
maps of Fp-modules as follows. 



7/({j+l)p+fci+: 



U{iP+k^){Y.g 



0, 



(69) 



where now ki = k for i is even, and /cj = p — i — 3 if i is odd. 

The maps are alternatingly given by e ^^+3 and ^^"^ E^-^'^. Note, however, that 
the module extensions work alternatingly in opposite ways so that the maps cannot be Q^- 
equivariant. It is true that by setting R{g) = R{Jg^^ J^^)* , where J G is a representative of 
the J G Sp{2g, Z) above we can reverse the exact sequences that define an extension. Yet, even 
by flipping every second extension in (|6^) still does not yield equivariant maps. 
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